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A method to realize effective magnetic fields for photons in square lattices of coupled optical waveguides or
resonators is suggested, which is inspired by an optical analogue of photon-assisted tunneling of atom optics.
It is shown that an artificial magnetic field can be achieved by application of an index gradient and periodic
lumped phase shifts or modulation of the propagation constants/resonances, without the need to modulate the
coupling strength. c© 2018 Optical Society of America
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Magnetism in artificial photonic structures has attracted
a huge interest in the past few years with a promise of
wide impact in optical sciences [1–10]. Photons subjected
to artificial gauge fields can realize phenomena usually
found in the domain of electronic systems, such as the fa-
mous Hofstadter fractal energy bands and quantum Hall
effect [11, 12], or can behave like electrons in topologi-
cal insulators [3–5, 8, 9, 13]. From an applied viewpoint,
a gauge transformation for the photon wavefunction can
be exploited to construct an optical isolator, as suggested
in Ref. [14]. In two-dimensional (2D) structures, non-
Abelian gauge fields yield topologically-protected unidi-
rectional edge modes [3–5,8,9,13]. Such states propagate
immune of disorder, and thus provide a robust way of
transporting light. So far several schemes have been pro-
posed to realize strong artificial magnetic fields in syn-
thetic 2D photonic structures at small length scales. An
effective magnetic field for photons in waveguide lattices
was suggested in Ref. [15], where the magnetic force is
induced by a longitudinal twist of the structure. How-
ever, the magnetic force occurs in tandem with a cen-
trifugal potential. More recently, pseudomagnetic fields
and photonic Landau levels have been proposed and ex-
perimentally demonstrated in strained honeycomb pho-
tonic lattices [9], whereas effective magnetic fields in a
square superlattice of resonators has been suggested in
Ref. [8] by harmonic modulation of the coupling con-
stants among the resonators. Temporal modulation of
the coupling between two resonators, however, requires
the introduction of auxiliary resonators and a careful de-
sign of the system [8].
In this Letter we propose a method to realize artifi-
cial magnetic fields in a lattice of optical resonators or
waveguides, which is inspired by an optical analogue of
photon-assisted tunneling used in atom optics to create
artificial magnetic fields for neutral atoms [16–19]. As
compared to the method of Ref. [8], our scheme does
not require to modulate the resonator couplings, thus
avoiding the use of auxiliary cavities.
We consider light transport in a square lattice of cou-
pled optical resonators (as in Ref. [8]) or, similarly, spa-
tial light propagation in a square lattice of optical waveg-
uides [15]; see Fig.1(a). For the sake of definiteness, we
will refer explicitly to latter case. In the tight-binding
and nearest-neighbor approximations, light transport in
the square lattice is described by coupled-mode equa-
tions for the amplitudes cn,m(t) of the guided modes
trapped in the various waveguides
i
dcn,m
dt
= −Jx(cn+1,m + cn−1,m)− Jy(cn,m+1 + cn,m−1)
+ βn,m(t)cn,m, (1)
where t is the longitudinal propagation distance, βn,m(t)
is the t-dependent propagation constant of the waveguide
at lattice site (n,m) (n,m = 0,±1,±2, ...), and Jx and
Jy are the hopping rates between adjacent guides in the
horizontal (x) and vertical (y) directions, respectively.
Note that coupled-mode equations (1) also describe tem-
poral evolution in a coupled-resonator square lattice,
provided that the spatial light propagation along the
waveguides is replaced by the temporal light evolution
in the resonator system. Indeed, Eqs.(1) can be derived
from the Hamiltonian Hˆ(t) =
∑
n,m βn,m(t)cˆ
†
n,mcˆn,m −∑
n,m
(
Jxcˆ
†
n,mcˆn+1,m + Jy cˆ
†
n,mcˆn,m+1 +H.c.
)
, which is
of the form considered in Ref. [8]. Note that, as com-
pared to the lattice system of Ref. [8], here we do not
have a superlattice and the hopping rates Jx,y are not
modulated in time; rather the resonance frequencies βn,m
of the coupled cavities are modulated in time. This can
be achieved by local dynamic modulation of the refrac-
tive index by e.g. electro-optics effect, as demonstrated
for instance in Ref. [20] on a silicon chip. To introduce
an effective magnetic field, we perturb βn,m from a refer-
ence value β0 by adding a stationary gradient term along
e.g. the vertical y direction and a rapidly-oscillating ac
term, i.e.
βn,m(t) = β0 + Fm+ Vn,m(t) (2)
where F is the linear gradient rate and Vn,m(t+2pi/ω) =
Vn,m(t) is the ac term oscillating at the spatial frequency
1
ω = 2pi/Λ. A possible physical implementation of βn,m(t)
for the coupled-waveguide lattice will be discussed below.
The spatial frequency ω and the gradient rate F are as-
sumed to be much larger than the hopping rates Jx,y.
In the absence of the ac term, i.e. for Vn,m = 0, tunnel-
ing in the vertical y direction is forbidden owing to the
strong propagation constant mismatch between adjacent
guides induced by the large index gradient. Tunneling is
restored by application of the ac terms, provided that
the resonance condition
F =Mω (3)
is satisfied for some integer M . This is analogous to the
phenomenon of photon-assisted tunneling of cold atoms
in tilted and ac-driven optical lattices [16–18]. We further
assume that the ac terms Vn,m(t) are of the form
Vn,m(t) = AH(ωt+ φn,m) (4)
where H(x+ 2pi) = H(x) is a normalized periodic func-
tion of zero mean and period 2pi, A is the modulation
amplitude, and the phases φn,m are assumed to linearly
vary with the indices n and m, namely
φn,m = nσ +mρ (5)
where σ and ρ are two real-valued parameters, with
|σ, ρ| ≤ pi. After setting G(x) =
∫ x
0
dtH(t) and after
the gauge transformation
cn,m(t) = fn,m(t)× (6)
× exp
[
−iϕn,m − i
∫ t
0
dt′βn,m(t
′)
]
with the phase ϕn,m defined by the relations
ϕn,m = G(φn,m) +
M
2
ρm(m− 1), (7)
application of Floquet theory to Eqs.(1) yields, in the
high-frequency modulation regime ω ≫ |Jx,y|, the fol-
lowing effective equations for the amplitudes fn,m
i
dfn,m
dt
= −κxfn+1,m − κ
∗
xfn−1,m (8)
− κy exp(inMσ)fn,m+1 − κ
∗
y exp(−inMσ)fn,m−1
where we have set
κx =
Jx
2pi
∫ 2pi
0
dx exp {iΓ[G(x) −G(x+ σ)]} (9)
κy =
Jy
2pi
∫ 2pi
0
dx exp {−iMx+ iΓ[G(x)−G(x + ρ)]}
(10)
and Γ = A/ω. Note that the effects of the ac modula-
tion Vn,m(t) is twofold. On the one hand, the modulation
enables tunneling along the y direction, with renormal-
ized hopping rates κx and κy given by Eqs.(9) and (10).
On the other hand, the modulation introduces the site-
dependent phase shift (Peierls phase) nMσ in the phase
of κy, which can not be removed by a gauge transforma-
tion. Such a term gives rise to a non-vanishing phase for
a photon that tunnels along the borders of one plaque-
tte. This can be interpreted as an Aharonov-Bohm phase
and therefore our square lattice serves as a model sys-
tem to study artificial magnetic fields. Indeed, Eqs.(8)
are equivalent to the equations that describe the mo-
tion of an electron with charge e moving on a square
lattice in an external magnetic field B = h¯σ/Se [11,16],
where S is the area of one elementary cell. In atom optics
contexts [16–19], the modulation Vn,m(t) is generally as-
sumed to be sinusoidal, H(x) = cos(x), and the effective
hopping rates are expressed in terms of Bessel functions
J0 and JM
κx = JxJ0
(
2Γ sin
(σ
2
))
(11)
κy = JyJM
(
2Γ sin
(ρ
2
))
exp[iM(ρ− pi)/2]. (12)
Another interesting case in photonics is the one corre-
sponding to a sequence of Dirac delta functions with al-
ternating sign, namely H(x) =
∑
l(−1)
lδ(x − lpi). This
case is of major relevance because it effectively corre-
sponds to application of periodic lumped phase shifts to
the optical field in each waveguide, rather than to a lon-
gitudinal modulation of the propagation constants. In
fact, from the coupled-mode equations (1) it readily fol-
lows that the choice H(x) =
∑
l(−1)
lδ(x− lpi) effectively
lead to the periodic application, along the longitudinal
propagation direction t, of lumped phase shifts to the
optical field in each waveguide of the array, of strength
Γ = A/ω and of alternating sign, at the spatial positions
t
(l)
n,m = (lpi − φn,m)/ω (l integer) defined by the phases
φn,m. In this case the effective hopping rates are
κx = Jx
(
1−
2|σ|
pi
sin2
(
Γ
2
))
(13)
κy =
4Jy
Mpi
sin
(
Mρ
2
)
sin
(
Γ
2
)
sin
(
Mpi
2
−
ρ
|ρ|
Γ
2
)
× exp[iM(ρ− pi)/2]. (14)
The main result of our scheme is thus that an artifi-
cial magnetic field can be realized in a square lattice of
waveguides by application of a transverse index gradi-
ent and longitudinal lumped phase shifts, without the
need for modulating neither the coupling rates nor the
propagation constants.
To show the correctness of our scheme, let us discuss
two effects of the artificial magnetic field on light trans-
port in a waveguide lattice. The first one is the inter-
ference pattern that arises when illuminating the square
lattice by a broad (plane wave) beam, which critically
depends on whether the flux number α ≡ σM/(2pi) is a
rational or an irrational number [11, 16]. For σ = 0, i.e.
in the absence of the magnetic field, the square lattice
has a purely continuous spectrum with a single band.
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Fig. 1. (Color online) (a) Schematic of a square lattice of
optical waveguides / resonators. (b) Interference fringes
[evolution of In(t) =
∑
m |cn,m(t)|
2] in a square lattice of
waveguides illuminated by a broad Gaussian beam for a
rational flux number α = 1/2 as obtained by numerical
simulations of Eqs.(1) (upper panel) and from the effec-
tive equations (8) (lower panel). (c) Same as (b), but for
an irrational flux number α = 3/(2pi). Parameter values
are given in the text.
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Fig. 2. (Color online) Cyclotron motion of an initial
Gaussian wave packet [path described by the beam cen-
ter of mass (〈n(t)〉, 〈m(t)〉] as obtained (a) from numer-
ical simulations of Eqs.(1), (b) from the effective equa-
tions (8), and (c) from the semiclassical analysis. In (d)
snapshots of the beam intensity distribution |cn,m(t)|
2 at
a few normalized propagation distances Jxt are shown.
Parameter values are given in the text.
For σ 6= 0, the spectrum sensitively depends on the ratio
κx/κy and on the parameter α, and it is related to the
spectrum of the Harper equation for κx = κy [11] and of
the Aubry-Andre´ equation for κy 6= κx [21]. Considering
the case κx = κy, if α = p/q is a rational number the
energy spectrum splits into a finite number of exactly
q bands, whereas if α is irrational the energy spectrum
in continuous-singular, i.e. it breaks up into infinitely
many bands [11,16]. The different band structure in the
two cases can be visualized by monitoring the evolution
of the integrated intensity light pattern in the vertical
plane, namely In(t) =
∑
m |cn,m(t)|
2, when the lattice
is initially excited by a (nearly) plane wave with phase
imprinting ϕn,m. As an example, in Figs.1(b) and (c)
we plot the evolution of In(t) as obtained by numeri-
cal simulations of Eqs.(1) for a sinusoidal modulation
H(x) = cos(x) and for (a) a rational α = 1/2, and (b)
an irrational α = 3/(2pi) flux number; parameter values
are J2 = J1 ≡ J , ω = 8J , M = 1, Γ = 0.717, and ρ = pi,
corresponding to κx ≃ κy ≃ 0.548J . The initial condi-
tion has been assumed to be a broad beam with Gaussian
shape cn,m ∝ exp[−(n
2+m2)/w2] exp(−iϕn,m) of width
w = 5, where the phases ϕn,m are given by Eq.(7). The
lower panels in the figure show the evolution of In(t) as
predicted by the averaged equations (8). Note that, in
the rational α = p/q = 1/2 case [Fig.1(b)], interference
fringes in the pattern of In(t) are clearly visible, with
spatial lattice periodicity q = 2 along the x axis, and the
evolution is periodic in t with a period ∆t ≃ 2J , which is
determined by the cyclotron frequency Ωc ∼ 2σκx. Such
fringes arise because the magnetic field splits the original
lattice band into q = 2 minibands; the initial spatially-
broad beam excites Bloch modes of the two minibands,
and the beating between these two modes causes the
periodic appearance and disappearance of the fringes.
When α is slightly changed to assume an irrational value,
α = 3/(2pi) [Fig.1(c)], the visibility of the fringes is de-
graded and the periodicity of the pattern along t is bro-
ken after few revivals. The reason thereof is that in this
case the tight-binding energy band breaks into infinitely
many bands [11]. The results shown in Figs.1(b) and (c)
are obtained for a sinusoidal shape of H(x), however the
same behavior is found for the δ-Dirac case discussed
above, i.e. by application of lumped phase shifts.
The second effect is the spiraling (cyclotron) motion
of an optical beam induced by the Lorentz force. The
evolution of a broad beam wave packet in the lattice
is influenced by both the magnetic force and the lattice
band structure, so that spiraling is generally not circular
owing to the dependence of the mass on the momentum.
The path followed by the beam can be derived from a
semiclassical analysis [15]. After introduction of the gen-
eralized momenta Pˆn = −i∂n and Pˆm = −i∂m + nσ,
the following equations for mean values can be readily
obtained from Eqs.(8)
d〈n〉
dt
= 2κx〈sin Pˆn〉,
d〈m〉
dt
= 2κy〈sin Pˆm〉 (15)
d〈Pˆn〉
dt
= −2κyσ〈sin Pˆm〉,
d〈Pˆm〉
dt
= 2κxσ〈sin Pˆn〉 (16)
where we assumed κx,y real-valued without loss of
generality and where 〈...〉 denotes the mean value
(for instance, 〈n〉 ≡
∑
n,m n|fn,m|
2/
∑
n,m |fn,m|
2). In
the semiclassical limit one can assume 〈sin Pˆn,m〉 ≃
sin(〈Pˆn,m〉), so that Eqs.(15) and (16) provide a non-
linear system of equations that describe the evolution
of the mean position 〈n〉, 〈m〉 and generalized momenta
〈Pˆn〉, 〈Pˆm〉. As an example, in Fig.2(a) we show the path
followed an initial Gaussian beam that excites a square
3
waveguide lattice as obtained by numerical simulations
of Eqs.(1) for a sinusoidal modulation of Vn,m and for pa-
rameter values Jy/Jx = 2, Γ = 0.9, ρ = pi, σ = −pi/25,
corresponding to kx ≃ Jx and κy ≃ 1.16Jx. The initial
condition is a broad Gaussian beam with an initial trans-
verse velocity p along the horizontal x axis and of size w,
namely cn,m ∝ exp[−(n
2 +m2)/w2 − ipn] exp(−iϕn,m)
with w = 5, p = pi/2 and where the phases ϕn,m are
given by Eq.(7). Figures 2(b) and (c) show, for com-
parison, the beam paths as obtained from the effective
lattice equations (8) and from the semiclassical analysis
[Eqs.(15) and (16)], respectively. Snapshots of the beam
intensity distribution |cn,m(t)|
2 at a few propagation dis-
tances t are depicted in Fig.2(d), showing beam defor-
mation as the light bend along the cyclotron path.
Finally, let us briefly discuss practical implementa-
tions of our proposal. A first possibility, which fits the
status of current experimental technology, is to manufac-
ture a square lattice of circularly-bent waveguides using
fs laser writing in fused silica [22]. The waveguide bend-
ing along the y-axis introduces a gradient index with rate
F = 2pinsd/(λR), where R is the bending radius of cur-
vature, d is the vertical spacing of waveguides, λ is the
photon wavelength, and ns is the substrate refractive in-
dex [23]. A longitudinal periodic modulation Vn,m(t) of
the propagation constants can be realized by periodically
varying the refractive index contrast δn and/or the size
of the waveguide channel, as demonstrated in Ref. [22].
Alternatively, a periodic sequence of lumped phase shifts
along the propagation direction can be realized by short
waveguide segmentation [24]. To get an idea of physical
parameters corresponding to the simulations of Figs.1(b)
and (c), let us consider a lattice period d = 19 µm, a
probing light beam at λ = 633 nm with typical coupling
rate Jx ∼ Jy ∼ 1 cm
−1. The bending radius of curva-
ture of the guides then turns out to be R ≃ 34 cm, the
spatial modulation period Λ of the propagation constant
is Λ = 2pi/ω ≃ 7.85 mm, the modulation amplitude is
A = Γω ≃ 5.74 cm−1 (corresponding to an index change
δn ∼ λA/2pi ≃ 5.78×10−5), and the total sample length
is L = 10/Jx = 10 cm. A second possible implementa-
tion, which can be foreseen with the current status of
technology, is based on a coupled-resonator system re-
alized in a photonic crystal, as in Ref. [8]. The static
resonance frequencies of the microcavities should be tai-
lored, either electro-optically or by appropriate design of
the defects in the crystal, to generate the gradient term
along the y direction, whereas harmonic modulation in
time with controlled phases can be obtained as discussed
in Refs. [8, 20]. Note that, as compared to the design of
Ref. [8], here we do not need auxiliary resonators.
In conclusion, a method for realizing artificial mag-
netic fields for photons in a square lattice of coupled op-
tical waveguides or resonators has been proposed, which
is inspired by an optical analogue of photon-assisted
tunneling of atom optics. Our results could be of rele-
vance for both applied and basic aspects, for example
for the design of 2D photonic devices with edge modes
propagating immune of disorder or for the realization
of photonic simulators of electronic systems in magnetic
fields [11,12,25], in which the use of photons rather than
electrons avoids decoherence and many-body effects.
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